We study the initial-boundary value problem utj = uxx, 0 < x < oo, t > 0,
Introduction.
In this paper, we consider the following initial-boundary value problem: Utt = uxx, 0 < x < oo, t > 0, -ux(0,t) = h(u(0,t)), t> 0, (1.1)
u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < oo.
Here, h(u) and the initial values are continuous. The wave equation with similar boundary condition as in (1.1) arises in applied sciences. In order to motivate the main results for problem (1.1), we recall some old results for two related problems. On the one hand, several authors have studied the initial value problem utt = uxx + \u\p, -oo < x < oo, t > 0, (1.2) u(x, 0) = f(x), ut(x, 0) = g{x), -oo < x < oo.
They showed that if 1 < p < oo, every nontrivial solution of (1.2) blows up in finite time (see [4, 5, 8] ). On the other hand, for the initial-boundary value problem ut = uxx, 0 < x < oo, t > 0, -ux(0,t) = up(0, t), t > 0, (1.3) u(x, 0) = uq(x), 0 < x < oo, it was shown [3] that if 1 < p < 2, all nonnegative solutions of (1.3) blow up in finite time while if p > 2, there are nontrivial global solutions. Motivated by these results, in this paper we will establish criteria for global existence and finite time blow-up of solutions of problem (1.1) in Section 2. We will also present growth rates at blow-up for certain nonlinearities in Section 3.
2. Existence and nonexistence of global solutions. We begin this section with the definition of a solution of problem (1.1). Let u(x,t) be a continuous function on [0, oo) x [0,T) for some T (0 < T < oo). Then u is said to be a solution of (1.1) if it satisfies the following: For t < x, 1 1 fx+t
and for t > x,
We first introduce the local existence of a solution of (1.1). Proof. In view of (2.1), it suffices to show that there is a function u(x,t) satisfying
The above equation is a Volterra integral equation. By Theorem 3.1.1 of [2] , there exists at least one solution of (2.2). Taking note of (2.1b), clearly, blow-up can occur only on the boundary.
3. Growth rate at blow-up. In this section, we are limiting ourselves to the situation where blow-up does occur in finite time, that is, u(0, t) -> oo as t -> i < oo.
(3.1)
Based on this assumption, we will develop a self-consistent asymptotic analysis of (2.2). This asymptotic technique will describe the blow-up behavior of the solution. Our arguments parallel those of [6, 7] , and therefore we only present some technical differences. Under the assumption (3.1), we introduce the transformation v = (i-ty1 -rjo, n0 = (t)~1, w(r}) = u{ 0,t). The transformation (3.2) converts (2.2) to the form
where fc(r?) = f(t) + /" g{s)ds and //(C) = (C + n0)~'2h(w(Q).
The advantage of this transformation is that certain techniques developed in [1] can be utilized for the asymptotic evaluation, as 77 -» 00, of integrals like that in (3.4) .
Following the methods of [1] , let ( = rj£, so that (3. To compute the leading asymptotic contribution from the integral in (3.6), the vertical path is displaced to the right. In this case, z = 1 is a double pole, and hence (3.6) takes the form log 77 ~/I log 77 as 77 -> 00, (3.15) which gives A = 1.
In summary, we have the following.
If h(u) ~ up, then u(0,t) ~ (^rx)^71 (t -t)~^ as t -> If h(u) ~ eu, then u(0,t) ~ log(J^) as t -> t.
